Exercise 1
Solution.

1. T1 is a topology, since
@ C{a} c{a,b} C X.

For any nonempty subfamily of this finite chain, the union is its largest member and the intersection is
its smallest member. The empty union is &, and the empty intersection is X. The closed sets are the
complements of the open sefs:

?] = {@, X){b) C}) {C}}

2. T, is hot a fopology: it is not closed under unions,
{ah{bl ey,  {aju{b}={a,b}¢ 5.
3. 13 is not a tfopology: it is hot closed under finite intersections,
{a,b},{b,c} € T3, {a,b}N{b,c} ={b} & 73.
4. T4 is not a topology: it is not closed under finite intersections,
{a,c}{b,c} € 14, {a,c}n{b,c} ={c} & 14.

Exercise 2
Solution.

Every fopology on X = {p, q} contains @ and X. We only need to decide which of the two singlefons are
open. This gives exactly four fopologies:

Topology Open sefts Closed sets

Indiscrete {@,X} {@,X}
Tp {2,{p}, X} {2,{q}, X}
Tq {2,{q}, X} {2,{ph X}

Discrete | {@,{p},{q}, X} | {&,{p}{q} X}

They satisfy the axioms: for the only two incomparable sets,

pyulal=X, {ptn{q}=2.

All other honempty unions and infersections return one of the chosen setfs. The closed sets follow by faking

complements.
Discrete fopology: {p} is both open and closed:;

Indiscrete topology: {p} is neither open nor closed,

since, in the second case, neither {p} nor its complement {q} is open.



Exercise 3
Solution.
1. By definition, F € ¥ < X\ F € 1. Hence

X\g=Xenm, X\ X=ge1 = og,Xe7F.

If all the F; are closed, De Morgan's laws give

X\[(F={JX\F)er = (R €7,
i€l i€l iel

X\ JFR=\X\F)er (Jfinte) = |JF e
i€] i€] i€]

For an empty family, the intersection is X and the union is &.
2. Take the closed sets F,, = [1/n,1], n > 1. Then

1 1
U Fn:(O)H) EG(O)]L H—>O¢ (O>”

n>l
Thus the union is not closed. The equality follows because 0 < x < 1 = x € F, whenever n > 1/x.
Take the open sets U,, = (—1/n,1/n). We have

[l Un=1{0}, Ve>0, ¢/2¢€(—¢¢e)\ {0}

n>l1

The intersection is not open. To justify the equality, if x # 0, choose an infeger n > 1/|x|; then x & U,.

Exercise 4

Solution.

1. Write B(x, 1) = (x —7,x + 1). We have & € T,, vacuously, and R € 1, since B(x,1) CR.
For a family (Ui)ier C Ty,

xe|JUi=3Jio: xeU;, = Ir>0: B(x,m) C Uy, € [J Us.
i€l iel
Thus the union is open. For x € Uy N --- N Uy, choose
B(x,m) € U (me >0), r=min(r1,...,Tm) > 0.

Then B(x, 1) C (¢~ U, so the finite intersection is open. The empty union is @, and the empty intersection
is R. Therefore T, is a fopology.

2. The classification is
Set [(OD) 0,1 1) ) @ & R

Open | yes o no  Nno no yes yes

Closed | no yes no yes no yes yes

Indeed,
xe(0,1), r= %min(x,] —x) = B(x,r) C (0,1),

R\ [0,1] = (—00,0) U (1,400) is open,
R\ {0} = (—00,0) U (0, +00) is open.
The sets [0, 1], [0, 1) and {0} are not open: they contain 0, but contain no interval (—¢, ), with ¢ > 0. Also,

1 1 1 1
€00, g 0E (0 T —e), T 1 (0).

So (0,1) and [0,1) are not closed. Every nonempty open interval meets both Q and R\ Q; hence Q is
neither open nor closed. Finally, @ and R are open and are each other's complements, so both are closed.



Exercise 5

Solution.

1. We have @ € 1 by definition, and X € T since X\ X = & is finite.

Let U = [J;ep Ui, where U; € 1. If U = @, it is open. Otherwise, choose U;, # @. Then

XA\UC X\ U, isfinite.
Hence U € 14 For V = mg; Uy, if some Uy is empty, then V = &. Otherwise,

m
X\V=[J(X\Uyg) isfinite, so V € s
k=1

The empty intersection is X. Thus 1. is a fopology. Moreover,

Fis closed «<— X\ F e 14 < F =X or Fis finite.

2. If X is finite, every X\ U is finite. Therefore

T = P(X) (the discrete topology).

3. If X is infinite and E C X is finite and honempty, then
E open = X\ E finite = X = E U (X \ E) finite,
a contradiction. Thus no nonempty finite subset is open.

Exercise 6
Solution.
1. For A = (—2,00U{1}U (2, 3), we obtain

IntA = (—2,0) U (2,3),
K - [_2)0] UU}U [2)3])
ExtA =R\ A = (—o00,—2) U (0,1)U(1,2) U (3, 400),

0A = A\ IntA ={-2,0,1,2,3}.
The intervals (—2,0) and (2,3) are open and contained in A. For x =0 or 1, every r > 0 gives
5 =min(r/2,1/4) > 0, x+ 06 € B(x,7) \ A.

Thus neither point is interior. For the closure, the set [—2,0] U{1}U [2, 3] is closed and contains A, and the
added points are limits of the following sequences in A:

1 1 1
-2+ - — -2, 24 —— — 2, 3———3 m>1).
n n+1 n+1
Finally,
0 e A\ IntA = A is not open, —2¢c A\ A = A is not closed.

2. The given points are classified as follows:

Interior points | —1, 5/2
Exterior points | 3/2
Boundary points | =2, 0, 1, 2, 3

In particular, 1 is a boundary point even though it is isolated in A: every interval centred at 1T meets both A
and its complement.



