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Topology — Problem Sheet 1

Ex 1: Let X = {a,b,c}. Determine whether each family below is a topology on X:

T1 = {®7X7 {a}v {avb}}a T2 = {@,X, {a},{b}},
3= {®7X7 {a7 b}7 {b’ C}}7 7 =P(X) \ {{c}}

If it is, list its closed sets. If not, identify a failed axiom and give an explicit counterex-
ample.

Ex 2: Let X = {p,q}. Find all topologies on X and list the open and closed sets for each.
Identify the discrete and indiscrete topologies. Give an example of a set that is both open
and closed, and one that is neither open nor closed, specifying the topology in each case.

Ex 3: 1. Let (X, 7) be a topological space and F its family of closed sets. Prove that
@, X € F and, for every family (F;);c;r C F,

ﬂEEF, UFl-E]-' for every finite J C I.
el i€J
2. In R with its usual topology, construct sequences of closed sets (F},),>1 and open
sets (Uy)n>1 such that

oo o0
U F}, is not closed, ﬂ U, is not open.
n=1 n=1
Ex 4: Let
Tw={UCR: VzxeU F>0, [x—c,x+e[CU}.
1. Prove that 7, is a topology on R.

2. Classify each set below as open only, closed only, both, or neither in (R, 7,). Justify
your answers.

(0,1), [0,1], [0,1), {0}, Q, 2, R.
Ex 5: Let X be a set and define
Tog = {@} U{U C X : X \ U is finite}.

1. Prove that 7 is a topology on X and determine its closed sets.

2. Identify 7. when X is finite.

3. If X is infinite, can a nonempty finite subset of X be open? Justify your answer.
Ex 6: In R with its usual topology, let

A= (-2,00U{1}U(2,3).
1. Determine Int A, A, Ext A, and JA. Is A open, closed, both, or neither?
2. Classify the points

3 5
_27 _17 07 17 2 27 29 3

as interior, exterior, or boundary points of A.
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Ex 7: Let (X, 7) be a topological space and A C X.
1. Using the pointwise definition of interior, prove that

mtA=|{Uer:UC A}
2. Using the neighbourhood definition of closure, prove that
AA=(FCX:ACF, Fis closed}.
3. Deduce that interior and closure are
Int(Int A) = Int A, cl(clA) = cl A,
and for all AC BC X,
Int A C Int B, clA CclB.

Ex 8: Let X be a topological space and A C X.
1. Prove that
Ext A=Int(X \ A) = X \ clA,

Int A=X\cl(X\A),
O0A=clANcl(X\A)=clA\Int A

2. Deduce that 0A is closed.
Ex 9: Let X be a topological space and A C X. Prove the equivalences

A is closed <= 0A C A,
Aisopen «<— ANOJA =g,
A is clopen <— 0A = o.

Ex 10: Let X be a topological space and A, B C X.
1. Prove that

Int(AN B) =Int ANInt B, cl(AuB)=clAUclB.
2. Prove the inclusions
Int AUInt B C Int(AU B), cl(ANB) CclANnclB.

For each, give an example in R with its usual topology where the inclusion is strict.
Ex 11*: Let (X, 7) be a topological space. For A C X, denote by A’ its derived set (set

of accumulation points of A) and by Iso(A) its set of isolated points.

1. Prove that

clA=AUA, Ais closed < A’ C A, Iso(A) = A\ A"
2. In R with its usual topology, let

S:{lznZI}, T = Su{0}, B = ((-1,1)\ {0}) u{2}.

n
For each A € {S,T, B}, determine
Int A, clA, ExtA, 0A, A, TIso(A),
and decide whether A is open or closed.
Ex 12**: Let
X ={a,b,c}, T ={2,{a},{a,b}, X}, A=1{b}, B={a}.

1. Determine the smallest open neighbourhood N, of each = € X.
2. Using these neighbourhoods, compute and justify, for each E € {A, B},

mtE, clE, ExtE, 0E, E, Iso(E),
where Iso(E) denotes the set of isolated points of E.
3. Determine all € X for which {z} is closed.
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