
Dr. S. E. Bontiah: Topo Ch. I.

* Definitin:
let X be non- empty set.

A collection of sub sets of x is said to be

the topology I in X:I on X if the following propertis
are satisfied:

3.2f 2f Иn Ии єб, then п4к єв.

i,e: Arbitray unim of open sets is open.
finite intatectim ￫ open sets is open.

* Note

• the member off re are son sets and thei
Complements are dosed sets.

• The pair (X,6) or X is sait to be

Topological spare
* Examples

Х = 31,2,3,4}.























































































































































































































































































































































































































































































































































































































































































































































































































































































































































NoteMax



E={A,x,{erV
E = 3Ø, X, {13, {23}X.
7=3 ф, 513, 833, 51,2,3, 42}Х.
T=S 8X, 819, 842, 81437V.

* Dissvete Topology:
let X #Ø; = 9(x)

Then I is called discrette topology and
X with this Tops is called discrete space

• Renark:

then

We call s is stronger (finer) then
Then dis crets topology is the stungst
Topology-

# In discrete topo: (Trivial topo)

Then I is called indiscrate (trivial) Topo.

Remark:

The Trivial Tops is the Weakest tops.





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































* Lisual Topology:
A collectim of subsets of Is which canbe
expressed as a unim of open intervals, forms
a topology on IR andis called u sual

Topology on UR.

A sef U SIR is open exactly when
IxEll, JESO: (x-E, X+5) CU.

* Cofinite topology:
let x be an in frinite set

C= JA, Aa: Ad EX; Aá is finite ?
then Cis a toplify oX, tinown as

cof inite topology.
example:

is a tops loggy.













































































































































































































































































































































































































































































































































































































































































































































• Remart i

Jon cofinite topological space, open sets ave
in finite and closed sels ane finite.

Examples

1. X=51,2,34;2,=٢*x,٤14,423,91332
Open sets: d, X, 819, 8424, 51,84.

Closed sets: PIX, 53,33, 832, 323.

2. X={1,2,34; E={8,X, {24, 32,8}}
Open sels: P. X, 524, 82,33.
Closed sets: X, Ø, 51,33, S12.

So;
334, 51,29 ane neither open tor closed.

theoren: let (X, 2) be a topologica (spur.
Then

(is $x ave closed.

(in Unim of finite m. of closed sets of t
is closed.





































































































































































































































































































































































































































































































































































































































































































































































































































































































(il) Arbitrary intasectim of dosed sets uf
« is closed.

- Proofi
(> let dE% So dis open

￫ $ is closed

= X is closed.

let YET So Xopen.

￫ xC is dred = d is closed.

(ii) let SO: i =18..-, ny be finite
Collectim of open sets of t. then

i €Z is open
￫ (7di)' is dosed then

bay. Morgan! law.
O is closed.

Hence finite unim of dosed sets
of ¿ is cheek.





















































































































































































































































































































































































































































































































































































































































































(i11) let SOi, i€IT be an arbitray
Collectim of urambos of Z. Then

let di EZ is open.

￫ Per i is dosed

• Note:

1. PiX ove open and closed.
2. Arbitray union of open sets of t is open.
3. Finite intesectim of open sets of 2 is open.
4. " unim of dosed sets of t is elsed.
16. Arbitrang union of closed sets of ZIs dosed.

In the usualle top on le, evey I'm,'n I
are open, but

hot open.





















































































































































































































































































































































































































































































































































































































































































































































































* Cosure of a set:
let (X,2) be a topological Spuce

and A SX. Then.

The closure of a subset ASX, denoted
A or cl (A), is the smallst closed set
Containing A:

A = NIFEX; Fis cored and A≤F?.
egrivalenty:

X C A ⾦ • evey open neigh hor hood of
x inter sects A.

inIR. the closure of (011) is [oid.

* buterior point of a sef:
let (X,2) be a topo space. and A SX.

XE A is aninterior point of A if I an open
set I suth that

XE U S A.

The set of all interior points of A is
called the int of A, danted tut (A)

or A°.



































































































































































































































































































































































































































































































































































































































































































































































































































































































































Note: interior of A is the largist open
Set contained i A. i.e. A SA.

Exandeı

ﾒ ⼆ 3 1 2 3 4 , 5 4
+=7 Ax, 31, 823, {34, 51,23, 51,33,83,33,

{18334
+ = 3 3 . 4 7
A = 332

Closed set:

ご Ais closed f As is open
A is closed ( every limit point

of A belings to A.
(iD A is dred A = A

ir) Ais coad (0 Fr(A) SA (ie)

evey frontin poit of A belmgslA.
Open set:

1. A is open f A €Z.

3. If elky interin point of A elysto A.
hen A is open.































































































































































































































































































































































































































































































































































































































































































































































































































































































• Example:

X = 51,2,37
{={$, X, {12,}22, {1,24}
A = {1,3}, B= {2} ; C= {9,89, D= {3}
A = 3 1

ﾋﾟ = ら こ 々  = C ｡ ; D = Ф.

* Limit point
let (X,2) be a topological space

and ASX.

A point xEX is called limt point of
A f evey spen set containing a
has non-empty intersectim with A-fry.

limit point is also call ed cluster point,
derived point, accumulatim point.

Un point x sf un point d'ascumatatim de A

Si chaque ouvet impenant x contient

aussi un point def différent dex.





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































*AS (TUEZ, XEL ￫ UA (AlS) ‡d)
• EXample:

X = 3 1 , 2 1 3 , 4 5 9
C=S.X, 814, 824, 534,51,24,5137,

{2,33,21,3,33}
A = {3,42

Is 1 Limit point of A?
all open sets containing 1

X, 514, 51,23, 5438,81,2,33

So :
83,4> 1{13 =Ф. then, 1 is not.

2. for 2.?.
Open: x,523,51,24, 52,33, ٤:2,33

53,43132}=Di thendionot

8. for 3!
X , 3 3 7   5 1 3 7 , 5 8 2 3 7 . 5 1 1 3 3 9

A - S n S s s p .

























































































































































































































































































































































































































































































































































































































































































































































4. for 4?

Орен : Х.

In 2 The wique open contenant" I isX.
Wehave 3 EX., and 3in A. and 374.

So Yes.

6. for 5.?.

Х оркn.!
Band 3 in X and 3,4 in A.

3,4 · 5.

Ys.

The set of lint poists is

A ' = $ 4 , 5 3 .



























































































































































































































































































































































Theoren: let (X,2). T.S. and ASX.
Then;

(i) A° SA. ﾊﾟ ﾆ A ー  F ( )
(i) CA)° = A°

(i1) ACB ￫ ASB°

- Proof:
Suppose AGB ￫ AS ASB.

So A is open subst of B but B is
lagst open subst of t

￫ A L R ® .

(ir) (ANB)° = A° NB°. (exucice).

(U AUBS CAUB)°.



















































































































































































































































































































































































































































































































* Exter's point of a set:

let A be a subset of a topolyicol space X.
A point 2EX is au exterior point ofA
there exists on open set i such that

КЄИ СХІА

Thus, s is an interior point of the
Complement of A.

le. xis exterir point of A if if is an

interis point of Ac

* The exterin of t is

Ext (A) = Int (XIA) = XIA

Exande: X = {1,2,3,4, 5)
+ = 34, x, 512, 922, {1,24}
A = 8 2 3 1 9 ￫ A = 3 1 5 て

= Ext (A) = 514.

























































































































































































































































































































































































































































































































































































































































































































































































































































• Thesvene

let (X,2). T.S. and A SX. B≤X.
•Then.

1. (A) = AF

2 . A ° ﾝ A - A C

3. Ex+ (x) =Ф

4. Ext (A)= (A) = iExt (P) =X-

5. Ext (AUB) = Ext (A) ̂  Ext (B).
6. Ext (ANB) 2 Ext (A) UExt (B).

* Boundary (Pratin) point:
( X 2 . T.S; A SX.

a point sEX is called boun dary (Femtice)
point of A if every open set containing

a has non-empty intersectim with fand Af.

and the set of all bansty (fumtier)
points of Ais called boundany (fumtier)

of A.: FUCA or FUCA = An(A).































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































• Example

X = 51,2,3,y}

2=58x, 318,829,81,23}
A = {1,2,34 ; A = {4}

FrCA) = {3,4}
L e .

A= {1,2,39; XIA={43
F V ( A ) = A   J A K C A )

⻜ A t ( A ) = 3 1 ､ 2 3 . ; A = X .

Sai
F v G A ) = 3 3 , 1 3 .

￫ Theremi

1 . F C A ) : F ( A ) ; 2 . 4 ° ー  A 1 ⻑ ( A )
3. I = AU F(A)

4. Fr (A) is closed subset of X.
5. A open and closed < Fr (A) =D.

6. Fr (A) SA f Ais closed.

Proof: T.D.







































































































































































































































































































































































































































































































































































































































































































































Corolary:
1. A is closed > TA SA.

lie Ais clasd s every frontin point
of A belongs to A.

2. Fr (A) is closed subset ofX.
3. A is both open and closed ( F=0.

Proof.
(T.D

* Neighbour of a point:
lef (X) bea topo.S. and xEX.

A subset NSX is a neighborhood ofe
if thne exists an open set U€8 suchthat

In other words, N is a neighborhood.
* is an interior point of N.

*Remark:

i if Nis open, then it is Called open
neighbourhood.

il) If Nis closed, it is called closed
neighbour hood.





































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































* Neighborhood system:
(x,2). T.S and xEX. The neighbarhood

system of x, denoted N(x), is a colectim
of all neighborhood ofx.

NG) = {N SX: JUEZ, X€USN}.
* Sub space:

let (x, Zx) be a. T.S. ond YSX.
The sub spal topology ony is

ry = {UnY : 4 €Ex}.
The pair x, Ey) is called a. Topo. sub- same

Remark.

A set is open in? is it is the
intersection ofy with on open set

of X.

































































































































































































































































































































































































































































































































































































































































































Examplesi

*if x=51,2,3,49
+= {8, X, 512, 824, 3124}

and Y=§134, then Zy={4,819, 81374.

* ч= {Ф, X, S18, {2}, {1,23, {3},
5 1 2 3 2   3 1 3 9 1 5 2 1 3 7 3

X={2,3,4}

=SY, 524, 539, 59,323.

•Theaveme
(x, 2x). be a. T. spare and (Y, 2p)

be its sub space. Then,
every open seb set of
ogeu in (X, Zx E Yis open in

• Proofi
( T O . )






















































































































































































































































































































































































































































































































































































































































